We theoretically propose a new optical field state
Introduction
In quantum optics theory there are some typical states, e.g., number state, coherent state, and squeezed state, these are pure states; there are also some mixed states, the typical one is the chaotic state described by ρ c = (1 − e −λ ) exp −λa † a ,
where a and a † are photon annihilation and creation operators, obeying a, a † = 1, trρ c = 1. The normally orderd form of ρ c is ρ c = (1 − e −λ ) : exp e −λ − 1 a † a : , where the symbol : : denotes normal ordeing symbol. In this work we shall report that there exists another important mixed state which appears in normally ordered form
Here L l is the l-th Laguerre polynomial, trρ new = 1 (see Appendix 1) . We show that this mixed state will appear experimently as it represents the output state of a diffusion process with the input state being a pure number state.
When a pure state evolves into a mixed state the quantum decoherence happens. Decoherence is an important topic in quantum information processing. In nature, systems we concerned usually are surrounded by thermo reservoir, so some dissipative process or diffusion process naturally happen. An interesting question thus arises: when an input state for a diffusion channel is a number state |l l| , (|l = a †l √ l! |0 ), then how does it evolve with time? What kind of optical field will the output state be? The master equation describing the diffusion process is [1, 2] 
We shall first obtain ρ (t) by deriving its infinite operator-sum form
where M i,j in general is named Kraus operator [3] , whose concrete from will be derived for this diffusion problem, and then we examine how ρ 0 = |l l| evolves through the relation (4). We will employ the thermo entangled state representation and the technique of integration within an ordered product (IWOP) of operators [4] [5] to realize our goal.
Solution of Eq. (3) obtained by entangled state representation and IWOP technique
We begin with introducing the thermo entangled state [6] 
whereã † is a fictitious mode accompanying the real mode a † , ã,ã † = 1. |η obeys the eigenvector equations
Using the normal ordering form of vacuum projector 00 00 = : e −a † a−ã †ã : , and the IWOP technique we can show the orthonormal and completeness relation
Let
we have
Operating the two-sides of (3) on |I , noting that the real field ρ is independent of the fictitious mode, [ρ,ã] = 0, ρ,ã † = 0, and using (12) we have
Letting ρ |I ≡ |ρ , we see
its formal solution is
where |ρ 0 = ρ 0 |I . Projecting this equation onto the entanged state representation η| and using the eigenvalue equation (7) we have
Multiplying the two-sides of (15) by
π |η and using the completeness relation (9) as well as the IWOP technique we obatin
where we have noticed
After substituting (18) into (16) and then using the property thatã †ã is commutable with all real field operators and f (a † a) |I = f (ã †ã ) |I , we can put Eq.(16) into the following form
Finally, usingã †m |I = a m |I we obtain
It then follows the infinite sum form
, which is trace conservative (see Appendix 2). Thus we have employed the entangled state representation to analytically derive the infinitive sum form of ρ (t) .
Diffusion of a number state
We now consider the case that a number state undergoes the diffusion channel, i.e., let ρ 0 in Eq. (21) be |l l| and we begin with considering the part of summation over n in Eq. (21)
Using the definition of the two-variable Hermite polynomials
and |0 0| = : e −a † a : , we see
then inserting (25) into (21) and using the summation method within ordered product of operators yields
: .
Using the definition of Laguerre-polynomial
and
then (26) becomes
Noting e −1 κt+1 a † a represents a chaotic photon field, so ρ (t) is a Laguerre-polynomial-weighted chaotic field. Thus we see |l l| evolves into the mixed state (29), so this diffusion process manifestly embodies quantum decoherence. As Eq. (29) is just in the type of Eq. (2), so we can confirm the state described by Eq. (2) indeed exists as an quantum optical field.
Before we check T rρ (t) = 1 for Eq. (29), let us present an integration formula
then we introduce the completeness relation of coherent state
here |α = exp αa † − |α| 2 /2 |0 . Due to
we see
Substituting (33) into trρ (t) = 
so it is trace conservative.
